A well known Theorem of Vizing states that one can colour the edges of a graph by ∆ + α colours, such that edges of the same colour form a matching. Here, ∆ denotes the maximum degree of a vertex, and α the maximum multiplicity of an edge in the graph. An analogue of this Theorem for directed graphs was proved by Frank. It states that one can colour the arcs of a digraph by ∆ + α colours, such that arcs of the same colour form a branching. For a digraph, ∆ denotes the maximum indegree of a vertex, and α the maximum multiplicity of an arc.
Introduction
The concept of a matching forest was introduced by Giles in [3] , [4] , [5] . Matching forests in mixed graphs (graphs with both undirected and directed edges) generalize matchings in undirected graphs and branchings in directed graphs. Several important properties that matchings and branchings have in common, have also been proved for matching forests. Giles gave a polynomial-time algorithm for finding a maximum-weight matching forest, and a description of the matching forest polytope (the convex hull of the incidence vectors of matching forests). Schrijver [7] proved total dual integrality for these matching forest constraints.
In the present paper, we give a common generalization, in terms of matching forests, of the following two theorems concerning matchings and branchings. We start with some definitions and notation. All graphs in this paper are allowed to have multiple edges, but no loops.
A mixed graph G = (V, E∪A) is the union of an undirected graph H = (V, E) and a directed graph D = (V, A), defined on the same vertex set V . (Thus, if one of E or A is empty, G is simply a directed or undirected graph).
For a directed edge a entering a vertex v, we say that v is the (unique) head of a. Both endpoints of an undirected edge e ∈ E are said to be a head of e. 
A branching in G is a set of directed edges B ⊆ A containing no directed circuits, and satisfying d
A matching forest in G is a set of edges F ⊆ E ∪ A containing no directed circuits, and satisfying d
Covering with branchings
We start with investigating directed graphs D = (V, A). The weakly connected components of a branching are called arborescences. Any arborescence has a unique root r ∈ V , and a unique directed r-v path, for every v ∈ V \ {r}. If r is the root of the arborescence F , F is said to be an r-arborescence. A spanning r-arborescence is an r-arborescence B with V (B) = V \ {r}.
For a subset of vertices X, the number of arcs (contained in B ⊆ A) having both endpoints in X will be denoted by γ(X) (γ B (X)).
As A. Frank observed in [8] , the following result is easily seen to be equivalent to Edmonds' disjoint branchings Theorem [1] . 
We can derive the following result on covering the arcs of a directed graph by branchings, where the rootsets of the branchings should contain given sets. 
and moreover 
. , B k defined by B
To prove that the F i can be completed, we show that condition (1) holds. In D , we have for every
As a corollary, we can derive another theorem of Frank [2] on covering with branchings, which is stronger than Theorem 1.2. D = (V, A) 
Corollary 2.3 (Frank) Let
then A can be covered by branchings
Proof. By Theorem 2.2, it suffices to check that in this case conditions (2) and (3) are satisfied. Condition (2) is satisfied, because of (4) and the fact that
Covering with matching forests
By combining Vizing's Theorem and Theorem 2.4, the main result is obtained. Note that the number ∆ + α occuring in the above theorem is best possible: in the mixed graph on three vertices, with three undirected edges (between all possible pairs of vertices) and six directed edges (between all possible ordered pairs of vertices), ∆ = 4, and α = 1, but the edge set can not be covered by four matching forests, since any matching forest in this graph contains at most two edges.
By a well-known Theorem of Kőnig, the edge set of a bipartite graph G can be covered by ∆(G) matchings. This gives a strengthening of Vizing's Theorem in the bipartite case. A corresponding strengthening of Theorem 3.1 can be obtained in the case of a (suitably defined) bipartite mixed graph.
A mixed graph G = (V, E ∪ A) is said to be bipartite, if the vertex set can be partitioned into two sets S, T such that every undirected edge has one end in S and the other in T (i.e. (V, E) is a bipartite graph with bipartition {S, T }), whereas no directed edge has one end in S and the other in T , (i.e. A = γ A (S) ∪ γ A (T )). The following theorem was proved in [6] . It is a common generalization of Kőnig's Theorem and Corollary 2.3. 
